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ki
Department of Physis, University of Alberta, Edmonton, AB, T6G 2G7, Canada
Details of a reent alulation of O
`
α2s
´
orretions to the deay b → cℓνl, taking into aount
the c-quark mass, are desribed. Constrution of the expansion in the mass ratio mc/mb as well as
the evaluation of new four-loop master integrals are presented. The same tehniques are appliable
to the muon deay, µ→ eνµν¯e. Analytial results are presented, for the physial ases as well as for
a model with purely-vetor ouplings.
I. INTRODUCTION
Beause of the role that the semileptoni deay b→ cℓνl and the muon deay µ→ eνµν¯e play in the determination
of the parameters of the Standard Model, it is warranted to improve the theoretial desription of their rates and
distributions. Reently, we have determined O
(
α2s
)
orretions (α2 for the muon), inluding the eets of the harm
quark (eletron) mass [1℄. Sine this was the rst analytial evaluation of suh mass eets and required an extension
of known results, in this paper we desribe some tehnial details.
We made extensive use of earlier results obtained in the massless ase [2, 3, 4℄, in partiular of the master integrals
determined in those projets. It turned out, however, that the massive ase requires the knowledge of more terms
of the expansion of those integrals in the dimensional regularization parameter ǫ = 4−D2 . To nd them, we took a
dierent approah to the evaluation of those master integrals. That approah is desribed below, together with the list
of new terms that are now known. Sine the deays onsidered here are a model for other beta-deay-like proesses,
those integrals will likely nd other appliations in the future.
Before presenting that alulation, in the following Setion we introdue the notation and in Setion III desribe
how the expansion around the massless ase is onstruted. Our results for the orretions to the b→ c deay and to
a deay in a model with pure vetor ouplings, as well as for the new terms in master integrals, are olleted in three
appendies.
II. DECAY RATE AND RADIATIVE CORRECTIONS
The tree-level deay rate and the one-loop orretions are known exatly [5℄. Their expansion in ρ ≡ mc/mb ≪ 1
and parameterization of two loop orretions are
Γ(b→ cℓν¯) = Γ0
[
X0 + CF
αs(mb)
π
X1 + CF
(
αs(mb)
π
)2
X2 + . . .
]
, (1)
X0 = 1− 8ρ
2 − 24ρ4 ln ρ+ 8ρ6 − ρ8, (2)
X1 =
25
8
−
π2
2
− (34 + 24 ln ρ) ρ2 + 16π2ρ3 (3)
−
(
273
2
− 36 ln ρ+ 72 ln2 ρ+ 8π2
)
ρ4 + 16π2ρ5 −
(
526
9
−
152
3
ln ρ
)
ρ6 + . . . ,
X2 = TRNLXL + TRNHXH + TRNCXC + CFXA + CAXNA. (4)
where Γ0 = G
2
F |Vcb|
2m5b/
(
192π3
)
, GF is Fermi onstant, and olor fators are CF =
4
3 , TR =
1
2 , CA = 3. Here NL = 3
is the number of massless quarks, and NH,C = 1 label, respetively, the b-quark loop, and virtual and additional real
c-quark ontributions; omponents XL, XH , XC , XA, and XNA are separately gauge-invariant and nite. The limit of
these funtions for mc = 0 is known [3℄. The purpose of this paper is to obtain their mass dependene. All alulations
are performed in D = 4 − 2ǫ dimensions, and axial urrents are treated aording to the presription of [6℄. General
gluon gauge was used to ensure gauge invariane of the results.
The presene of the logarithm of the mass ratio in the lowest-order rate, Eq. (2), signals the presene of higher
powers of logarithms in the higher-order terms (indeed, we see a quadrati logarithm in Eq. (3)). It is for this
reason that the term ρ4 requires more terms of the expansion of Feynman integrals in powers of ǫ mentioned in the
Introdution.
Using the optial theorem, we nd X2 as the imaginary part of 39 self-energy diagrams suh as the examples shown
in Fig. 1. Eah diagram is expanded in asymptoti regions [7, 8, 9℄ to several orders in ρ and all ontributions are
summed. Some details of that expansion are desribed in the next setion.
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Figure 1: Examples of O
`
α2s
´
b-quark self-energy diagrams whose uts desribe the semi-leptoni deay. Dashed lines represent
a harged lepton and a neutrino, whose masses we neglet.
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Figure 2: Expansion of a double-sale topology (a) in all ontributing asymptoti regions (b-l). Thik lines represent mass mb,
thin  mass mc, dashed lines are massless, double lines orrespond to eikonal (stati) propagators. Dierent regions orrespond
to expansions with dierent assignment of sales (hard, mb or soft, mc) to the four loop momenta.
III. ASYMPTOTIC EXPANSION
As an example, we onsider the rightmost diagram in Fig. 1 whih has the rihest struture of asymptoti regions.
Evaluating the traes and Wik rotating, we obtain a number of terms with the following fators in denominators:
D1 = k
2, D2 = (q − r)
2, D3 = q
2 +m2c , D4 = (q + l)
2 +m2c , (5)
D5 = (q + l − r)
2 +m2c , D6 = r
2, D7 = l
2, D8 = l
2 + 2pl, D9 = (p+ k − q + r)
2,
where k, q, r, and l are loop momenta, and the external momentum p is on shell (p2 = −m2b) (Fig. 2(a)). Eah loop
momentum is then assigned one of the two relevant sales  mb (hard) or mc (soft), and integrands are expanded
in eah ase. All ontributing regions for this topology are skethed in Fig. 2(bl). As an example, onsider q and l
being soft, and k and r hard. The denominators are Taylor expanded as
1
D8
=
1
l2 + 2pl
=
1
2pl
∞∑
i=0
(
−
l2
2pl
)i
, and similarly (6)
1
D2
→
∑
i
. . .
Di6
,
1
D5
→
∑
i
. . .
Di6
,
1
D9
→
∑
i
. . .
[(p+ k + r)2]
i ,
produing, together with the remaining denominators, the ase (i).
As one an see, in most regions this topology fatorizes into known one- and two-loop integrals. Note the unusual
eikonal denominator 1/(2pl + i0) in the above example and similar fators in ase (l), whih lead to odd powers
of ρ in the end result. Disentangling of the produts of loop momenta in the numerator, naturally appearing in the
expansion, in the most diult ases involves the algebrai method of Ref. [10℄ and, at high orders in ρ, leads to a
huge number of terms. With intermediate expression size reahing hundreds of gigabytes, this alulation was possible
only with the omputer algebra system [11℄.
3The three-loop eikonal integrals in region (l) orrespond to topologies studied in Ref. [12℄. Using the integration-
by-parts identities [13, 14, 15℄, we redue the expressions to a few master integrals found in Refs.[12, 16℄, and a
previously unpublished integral alulated by V. A. Smirnov, Eq. (C1).
The four-loop all-hard ase (b) here is the most hallenging. To expand X2 to O
(
ρ7
)
, an implementation of
algorithm [15℄ was running for several weeks. Finally, all diagrams were redued to the 33 master integrals. Their
evaluation was the biggest hallenge of this work.
IV. EVALUATION OF FOUR-LOOP MASTER INTEGRALS
The results for master integrals given in [3℄ are suient to obtain O
(
ρ0
)
and O
(
ρ2
)
terms of X2. However, in
order to nd the following O
(
ρ4
)
ontribution, many integrals need to be expanded further. In [3℄, the initial terms of
that expansion were obtained in a series of steps. First, some of the internal lines of the diagram, representing a given
master integral, were assigned a mass M muh larger than the mass of the external partile m. Next, the diagram
was expanded in m/M using a similar approah as desribed in the previous setion; several terms of that expansion
were obtained in eah order in ǫ. Finally, and most non-trivially, a pattern in that expansion was reognized and the
expansion was now summed analytially. The value of the result at M = m gave the desired value of the integral.
In higher orders in ǫ, the reognition of the expansion pattern may be very diult. Instead, we evaluate these
integrals using the method of dierential equations [17℄. We start by hoosing a few artiial double-sale topologies,
related in some limit to the needed integrals. We illustrate this approah with the topology shown in Fig. 3. It
involves an artiial mass
√
1/x, and in the on-shell limit x→ 1 reprodues the topology needed for the rst diagram
shown in Fig. 1 (where we also introdue the loop fator F = Γ(1+ǫ)
(4π)D/2
).
This funtion is hosen due to several reasons. First, if 0 < x ≤ 1, the uts are the same as in the on-shell limit, and
we may disard the real part in all alulations. Seond, large mass expansion to a few orders in x and ǫ is relatively
simple [3℄. And third, the assoiated dierential equations have a struture onvenient for an iterative solution; this
property will be explained later.
This topology has 40 master integrals. Derivative of any suh integral an be re-ast in terms of integrals with
shifted indies,
∂
∂x
I(a1, ..., a9;x) =
a5
x2
I(a1, ..., a5 + 1, ...) +
a6
x2
I(a1, ..., a6 + 1, ...), (7)
generating a system of 40 dierential equations. It an be split into independent subsystems of at most four equations,
where the solution of one system enters the RHS of the following one.
For example, onsider funtions f(x, ǫ) = I(0, 1, 1, 0, 1, 0, 0, 1, 0;x), g(x, ǫ) = I(−1, 1, 1, 0, 1, 0, 0, 1, 0;x), and
h(x, ǫ) = I(0, 1, 1,−1, 1, 0, 0, 1, 0;x), entering a partiularly simple system of relations
f ′ =
4x− 5 + ǫ(7− 6x)
2x(1− x)
f +
9− 11ǫ
2(1− x)
g +
3ǫ− 3
2(1− x)
h, (8)
g′ =
1− ǫ
2x(1 − x)
f −
8 + x− ǫ(10 + x)
2x(1 − x)
g +
3− 3ǫ
2(1− x)
h,
h′ =
1− ǫ
2x2
f +
1− ǫ
2x
g +
3ǫ− 3
2x
h.
We solve this system with respet to derivatives of f , and expand f(x, ǫ) = 1ǫ f−1(x) + f0(x) + ǫf1(x) + .... Finally,
I(a1, ..., a9;x) =
1
πF4
Im
Z
[dDk][dDq][dDr] D−a99
Da1+ǫ1 D
a2
2 D
a3
3 D
a4
4 D
a5
5 D
a6
6 D
a7
7 D
a8
8
,
p2 = −1, D1 = k
2, D2 = (k + p)
2, D3 = (k + q + p)
2,
D4 = (k + q + r + p)
2, D5 = (q + r + p)
2 + 1/x,
D6 = (r + p)
2 + 1/x, D7 = q
2, D8 = r
2, D9 = 2qp.
Figure 3: Auxiliary double-sale topology. Thik lines represent mass
p
1/x, thin  unit mass propagators, and ǫ labels a
denominator raised to a non-integer power.
4the dierential equations for fi beome
f ′′′i +
9− 6x
x(1 − x)
f ′′i +
18− 6x
x2(1− x)
f ′i +
6
x3(1− x)
fi = Ri, (9)
R−1 = 0, R0 =
10− 4x
x(1 − x)
f ′′−1 +
47− 9x
x2(1− x)
f ′−1 +
31
x3(1− x)
f−1, . . . .
The three solutions of the homogeneous equation (with Ri = 0) an be guessed: 1/x, 1/x
2
, and (1 − x2(x + 6) +
6x(1 + x) ln x)/x3. Euler's formula allows then to solve the inhomogeneous equations. To x the three integration
onstants, we use the large mass expansion
f(x, ǫ) = −
1
4xǫ
+
1
24
−
15 + 4 lnx
8x
(10)
+ ǫ
(
2π2 − 145− 60 lnx− 8 ln2 x
16x
+
1
4
+
lnx
12
+
x
144
+
x2
1440
+ . . .
)
+ . . . .
The general solution for fi is expanded and mathed to this series to nd suitable onstants. Finally, we obtain
x-dependent solutions:
f−1 = −
1
4x
, f0 =
1
24
−
15 + 4 lnx
8x
, f1 =
19
36
+
1
12x2
+
6π2 − 373
48x
(11)
+
H(0;x)(x− 45)
12x
+
H(1;x)(x3 + 9x2 − 9x− 1)
12x3
−
H(0, 1;x)(1 + x)
2x2
−
H(0, 0;x)
x
, . . . .
Due to the fat that the answers an be expressed in terms of harmoni polylogarithms (HPLs) H(...;x) [18℄, the
expansion an be ontinued as long as CPU resoures allow. (More aurately, this proedure works as long as the
solutions of the homogeneous equation, as well as their inverse Wronskian and minors of Wronski matrix depend on
x in the denominators only through fators x and 1± x, and numerators ontain HPLs and polynomials. This allows
to solve the inhomogeneous equation in terms of HPLs.) Taking the limit x → 1, we obtain the required on-shell
integral.
One integral of the topology shown in Fig. 3, u(x, ǫ) = I(0, 1, 1, 1, 1, 1, 1, 1, 0;x), presents an additional diulty.
Its x-dependent expression starts at O(ǫ) and logarithmially diverges at x = 1. To nd that integral, we evaluated
instead the infrared-safe funtion I(1, 1, 1, 1, 1, 1, 1, 1,−1;x), took the on-shell limit and then redued to u(1, ǫ). This
lead to nite O
(
ǫ0
)
and O(ǫ) expressions: u(1, ǫ) = − 4π
4
135 − ǫ
(
95ζ5
6 +
13π2ζ3
18 +
8π4
135
)
. As a tradeo, other integrals
were needed to a higher order in ǫ, involving harmoni polylogarithms up to weight six.
An important tool was the software pakage HPL [19℄ and additional software for the series expansion of harmoni
polylogarithms was developed [20℄. As an independent hek, we used numerial integration of the Mellin-Barnes
representation of some integrals [21℄.
V. RESULTS AND SUMMARY
The rather lengthy expressions forXL, XH , XC , XA, and XNA alulated through O
(
ρ7
)
are presented in Appendix
A. Their features, suh as the logarithms and even and odd powers of ρ, together with physis onsequenes, have
been disussed in [1℄. Here we would like to illustrate the onvergene of the expansion. To this end, Fig. 4 shows
the plots of Xi as funtions of ρ, in two versions: solid lines show all known terms while dashed lines are obtained by
leaving out the last known power of ρ. We see that the onvergene is exellent up to at least ρ = 0.3, of interest in
this study.
In addition to the integrated deay rate, preision ts to experimental data are done for the moments of the lepton
energy El and the hadroni-system energy Eh distributions in the rest frame of the b-quark, with the goal of aurately
measuring several parameters inluding |Vcb|, mb, and Wilson oeient of non-perturbative operators. Thus, QCD
orretions to those moments are also of interest. These orretions are dened by∫ (
El
mb
)n
dΓ = Γ0
[
L
(n)
0 + CF
αs
π
L
(n)
1 + CF
(αs
π
)2
L
(n)
2
]
, (12)
and similarly for the moments of Eh, desribed by oeients H
(n)
j ; the average is taken over the whole phase spae
of deay produts. One-loop spetra are known exatly [22℄, and Fig. 5 presents NNLO orretions L
(1,2)
2 and H
(1,2)
2 .
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Figure 4: Mass-dependent orretions to X2 of Eq. (1).
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Figure 5: First two moments of lepton and hadron energy
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Figure 6: Charm quark ontribution to semi-leptoni b→
u deays
In [1℄ we disussed how the experimental uts an be approximately modeled by the analytial alulation. Finally,
we present the analytial results for UC (Eq. (A6) and Fig. 6), an analogue of XC in Eq. (1), desribing harm quark
loop ontribution to the proess with a massless quark in the nal state, b→ uℓν¯.
The same method an be used in the model in whih hiral weak oupling of quarks,
igw
2
√
2
γµ (1− γ5), are replaed
with a pure vetor vertex,
igw
2 γµ. This is a useful toy model, e.g., for logarithmi re-summation studies [24℄. In
parameterization similar to Eq. (1), the seond order omponents Vi are dened in Eqs. (B1B8). We evaluated terms
to O
(
ρ5
)
, and it is now easy to nd more.
To summarize, in the proess of this alulation, we heked and onrmed the massless limit of the O
(
α2s
)
or-
retions [2, 3, 4℄. We extended those results to several orders in the mass ratio of the nal and initial quarks. To
omplete this task, additional terms of master integrals were required, and the dierential-equation method was ap-
plied to ompute them. Our results agree exellently with the numerial alulation [23℄. An ultimate test of the
onvergene of the mass expansion will be a orresponding expansion around the opposite mass limit, mc ≃ mb. Work
on this is in progress.
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6Appendix A: ANALYTICAL RESULTS
Here we present the omponents of the total deay rate evaluated to O
(
ρ7
)
. In the ase of the b-quark loop
ontribution, XH , Fig. 4 shows an extremum point around ρ = 0.2. This ontrasts with the other ontributions,
that seem to be monotonous funtions of ρ. In order to double-hek the onvergene, also the O
(
ρ8
)
term has been
omputed. The nal results are
XL = −
1009
288
+
8ζ3
3
+
77π2
216
+
{
118
3
−
4π2
3
+
52
3
ln ρ− 8 ln2 ρ
}
ρ2 (A1)
+
{
64 ln 2
3
−
112
9
+
32
3
ln ρ
}
π2ρ3 +
{
76ζ3 −
5π2
3
− 33 + 52 ln2 ρ
+
(
39−
16
3
π2
)
ln ρ− 32 ln3 ρ
}
ρ4 +
{
64 ln 2
3
−
1216
45
+
32
3
ln ρ
}
π2ρ5
+
{
344
27
+
28π2
27
−
1564
27
ln ρ+ 24 ln2 ρ
}
ρ6 +
40
21
π2ρ7,
XC = −
1009
288
+
8ζ3
3
+
77π2
216
−
5
4
π2ρ+
{
145
3
+
16π2
3
+
52
3
ln ρ− 8 ln2 ρ
}
ρ2 (A2)
+
{
569
36
+
64
3
ln ρ
}
π2ρ3 +
{
196ζ3 +
π2
6
−
4483
36
+ 44 ln2 ρ− 32 ln3 ρ
+
(
599
6
+
74π2
3
)
ln ρ
}
ρ4 +
{
50
3
ln ρ−
172
9
}
π2ρ5
−
{
33982
225
+
232π2
27
−
11836
135
ln ρ+
64
9
ln2 ρ
}
ρ6 +
{
44
3
+ 18 ln ρ
}
π2ρ7,
XH =
16987
576
−
64ζ3
3
−
85π2
216
+
{
8π2
3
−
1198
45
}
ρ2 +
{
156901877
2116800
−
11π2
18
(A3)
− 64ζ3 −
(
186689
2520
−
20π2
3
)
ln ρ
}
ρ4 +
{
189825233
7144200
−
52π2
27
−
181627
14175
ln ρ
+
16
5
ln2 ρ
}
ρ6 +
{
629309
1403325
−
4ζ3
3
+
19π2
72
−
(
4741
9072
+
π2
9
)
ln ρ
}
ρ8,
XA =
11047
2592
−
223ζ3
36
−
515π2
81
+
53π2 ln 2
6
+
67π4
720
+
{
497π2
108
−
2089
8
+ 86ζ3 (A4)
− 8π2 ln 2 +
121π4
540
− 105 lnρ− 36 ln2 ρ
}
ρ2 +
{
752
9
−
112π
3
}
π2ρ3
+
{
16586
27
−
1139π2
24
−
795ζ3
2
+
415π2ζ3
3
+ 13π2 ln 2− 96 Li4
1
2
− 8π2 ln2 2
− 4 ln4 2− 144 ln3 ρ−
(
19459
18
+
71π2
3
− 246ζ3 + 60π
2 ln 2−
40π4
3
)
ln ρ
−
349π4
72
+
(
99 + 4π2
)
ln2 ρ+ 935ζ5
}
ρ4 +
{
67448
675
−
776π
15
+ 160 lnρ
}
π2ρ5
+
{
4859ζ3
12
−
1732
9
−
14921π2
216
+
89π2 ln 2
6
−
10π4
3
+
(
1862
9
−
34π2
3
)
ln2 ρ
−
(
3635
18
+ 136ζ3 −
833π2
18
)
ln ρ
}
ρ6 +
{
86π
7
−
469304
11025
+
1376
45
ln ρ
}
π2ρ7,
7XNA = −
XA
2
+
19669
1152
−
70π2
27
+
7π4
60
−
101ζ3
12
+
{
11π4
18
−
1813
8
−
19π2
6
−
685
6
ln ρ+ 4 ln2 ρ
}
ρ2 (A5)
+
{
2044
9
−
1136 ln2
3
−
124
3
ln ρ
}
π2ρ3 +
{
8947
32
−
103π2
12
+
2π4
45
+ 200ζ5 −
705ζ3
2
+
100π2ζ3
3
+
(
84ζ3 −
1049
2
−
161π2
6
+
10π4
3
)
ln ρ+
(
7π2 −
271
2
)
ln2 ρ+ 16 ln3 ρ
}
ρ4
+
{
58024
225
−
1136 ln2
3
−
292
15
ln ρ
}
ρ5π2 +
{
269297
1296
+
2303π2
216
−
π4
2
− 24ζ3
+
(
12ζ3 −
2441
72
−
17π2
3
)
ln ρ+
(
229
9
+ π2
)
ln2 ρ
}
ρ6 −
{
242554
33075
+
256
315
ln ρ
}
π2ρ7.
Charm quark ontribution to b→ uℓν¯ deays through O
(
ρ7
)
is:
UC = −
1009
288
+
8ζ3
3
+
77π2
216
−
5
4
π2ρ+
{
21 +
8π2
3
}
ρ2 +
{
64 ln 2
3
−
95
36
+
32
3
ln ρ
}
π2ρ3 (A6)
+
{
48ζ3 −
4375
36
−
25π2
6
+
(
365
6
+ 6π2
)
ln ρ− 8 ln2 ρ
}
ρ4 −
112
15
π2ρ5
+
{
7804
675
+
64π2
27
+
8
5
ln ρ−
64
9
ln2 ρ
}
ρ6 −
24
7
π2ρ7.
Appendix B: A VECTOR MODEL
As a byprodut of this projet, for the purpose of omparisons with [24℄, we have determined O
(
α2s
)
orretions to
the deay rate in a model where the W -boson has only a vetor, and no axial-vetor, oupling to fermions. That is,
its interation vertex is obtained from the standard (V − A) one by the substitution igw
2
√
2
γµ (1− γ5) →
igw
2 γµ. The
results for this model are parameterized in analogy with Eqs. (1,2,3,4), with replaements Xi → Vi. Results for the
tree-level and rst-order orretions, expanded through O
(
ρ5
)
, are
V0 = 1− 2ρ− 8ρ
2 − {18 + 24 ln ρ} ρ3 − 24ρ4 ln ρ+ {18− 24 ln ρ} ρ5, (B1)
V1 =
25
8
−
π2
2
+
{
π2 − 10− 3 ln ρ
}
ρ− {34 + 24 ln ρ} ρ2 +
{
13π2 − 90− 81 ln ρ− 36 ln2 ρ
}
ρ3 (B2)
+
{
24π2 −
273
2
+ 36 ln ρ− 72 ln2 ρ
}
ρ4 +
{
13π2 −
369
2
+ 135 lnρ− 72 ln2 ρ
}
ρ5. (B3)
The dierene with the standard deay is seen already at the tree level: odd powers of ρ are present in V0, while in
the V −A deay they appeared only in the rst-order orretions. The reason for this is a ontribution of a four-quark
operator, as disussed in [1, 24℄. In the V − A deay, a similar operator ontributes only through its O(αs) matrix
element. As a result, the seond-order orretions in the vetor ase are even more ompliated than in the V − A
deay. They read
8VA =
11047
2592
−
223ζ3
36
−
515π2
81
+
53π2 ln 2
6
+
67π4
720
(B4)
+
{
1997π2
648
−
81149
1944
+
317ζ3
18
−
π2 ln 2
3
−
211π4
1080
−
9
4
ln2 ρ+
(
3π2
2
−
123
8
)
ln ρ
}
ρ
+
{
497π2
108
−
2089
8
+ 86ζ3 − 8π
2 ln 2 +
121π4
540
− 105 lnρ− 36 ln2 ρ
}
ρ2
+
{
4667π2
72
−
16943
36
+ 561ζ5 −
37ζ3
2
− 48 Li4
1
2
− 2 ln4 2 + 83π2ζ3 − 17π
2 ln 2
+
(
8π4 + 328ζ3 +
125π2
6
−
50969
72
− 64π2 ln 2
)
ln ρ−
112π3
3
− 8π2 ln2 2 +
449π4
120
+
(
12π2 −
747
4
)
ln2 ρ− 63 ln3 ρ
}
ρ3 +
{
16586
27
+
13223π2
72
− 96 Li4
1
2
+ 13π2 ln 2
−
795ζ3
2
+
415π2ζ3
3
+ 935ζ5 − 4 ln
4 2− 8π2 ln2 2−
304π3
3
−
349π4
72
− 144 ln3 ρ
+
(
99 + 4π2
)
ln2 ρ+
(
40π4
3
−
19459
18
+ 246ζ3 +
361π2
3
− 60π2 ln 2
)
ln ρ
}
ρ4
+
{
14036
27
+ 561ζ5 +
109ζ3
2
− 24 Li4
1
2
− ln4 2 +
264109π2
5400
+ 83π2ζ3 + 41π
2 ln 2
+
(
81ζ3 −
8456
9
+
401π2
2
− 66π2 ln 2 + 8π4
)
ln ρ+
(
1395
4
− 8π2
)
ln2 ρ
− 141 ln3 ρ− 8π2 ln2 2−
776π3
15
−
1093π4
90
}
ρ5,
VNA = −
VA
2
+
19669
1152
−
70π2
27
+
7π4
60
−
101ζ3
12
(B5)
+
{
337π2
54
−
8707
144
+
107ζ3
6
−
7π4
30
+
(
3π2
4
−
739
48
)
ln ρ+
13 ln2 ρ
8
}
ρ
+
{
11π4
18
−
1813
8
−
19π2
6
−
685
6
ln ρ+ 4 ln2 ρ
}
ρ2
+
{
7309π2
36
−
8039
16
+
47π4
30
−
1136π2 ln 2
3
−
333ζ3
2
+ 20π2ζ3 + 120ζ5
+
(
36ζ3 −
6867
16
−
541π2
12
+ 2π4
)
ln ρ+
(
3π2 −
893
8
)
ln2 ρ+
47
2
ln3 ρ
}
ρ3
+
{
8947
32
+
5977π2
12
+
2π4
45
−
2272π2 ln 2
3
−
705ζ3
2
+
100π2ζ3
3
+ 200ζ5
+
(
84ζ3 −
1049
2
−
171π2
2
+
10π4
3
)
ln ρ+
(
7π2 −
271
2
)
ln2 ρ+ 16 ln3 ρ
}
ρ4
+
{
8313
16
+
518717π2
1800
−
83π4
30
−
1136π2 ln 2
3
−
459ζ3
2
+ 20π2ζ3 + 120ζ5
+
(
72ζ3 −
4737
16
−
2293π2
60
+ 2π4
)
ln ρ+
(
6π2 −
871
8
)
ln2 ρ+
33
2
ln3 ρ
}
ρ5
9VL = −
1009
288
+
8ζ3
3
+
77π2
216
+
{
215
18
−
16ζ3
3
−
43π2
54
+
13
6
ln ρ− ln2 ρ
}
ρ (B6)
+
{
118
3
−
4π2
3
+
52
3
ln ρ− 8 ln2 ρ
}
ρ2
+
{
163
2
+ 48ζ3 −
293π2
18
+
(
93
2
+
20π2
3
)
ln ρ− ln2 ρ− 20 ln3 ρ+
64π2 ln 2
3
}
ρ3
+
{
76ζ3 − 33−
133π2
3
+
(
39 + 16π2
)
ln ρ+ 52 ln2 ρ− 32 ln3 ρ+
128π2 ln 2
3
}
ρ4
+
{
1
2
+ 36ζ3 −
2417π2
90
+
64π2 ln 2
3
+
(
14π2
3
−
195
2
)
ln ρ+ 109 ln2 ρ− 36 ln3 ρ
}
ρ5,
VH =
16987
576
−
64ζ3
3
−
85π2
216
+
{
35π2
54
−
4109
216
+
32ζ3
3
}
ρ+
{
8π2
3
−
1198
45
}
ρ2 (B7)
+
{
9π2
2
− 16ζ3 −
30043
1080
+
(
20π2
3
−
1193
18
)
ln ρ
}
ρ3 +
{
156901877
2116800
−
11π2
18
− 64ζ3
+
(
20π2
3
−
186689
2520
)
ln ρ
}
ρ4 +
{
24416711
352800
− 24ζ3 −
9π2
2
+
(
6π2 −
9883
140
)
ln ρ
}
ρ5,
VC = −
1009
288
+
8
3
ζ3 +
77
216
π2 +
{
94
9
−
16ζ3
3
−
167π2
108
+
13
6
ln ρ− ln2 ρ
}
ρ (B8)
+
{
145
3
+
22π2
3
+
52
3
ln ρ− 8 ln2 ρ
}
ρ2
+
{
68 + 120ζ3 − 20 ln
3 ρ+
1061π2
36
+
(
129
2
+
106π2
3
)
ln ρ− ln2 ρ
}
ρ3
+
{
196ζ3 −
4483
36
−
121π2
18
+
(
599
6
+
158π2
3
)
ln ρ+ 44 ln2 ρ− 32 ln3 ρ
}
ρ4
+
{
200ζ3 −
20557
72
−
185π2
6
+
(
98π2
3
+
686
3
)
ln ρ− 36 ln2 ρ− 12 ln3 ρ
}
ρ5.
Appendix C: MASTER INTEGRALS
In this appendix, we ollet new results for master integrals that were obtained in this projet.
For the three-loop integrals needed for the fatorized diagrams of the type shown in Fig. 2 (l), the O(ǫ) term of
the integral J3 of Ref. [12℄ was needed. It was privately ommuniated to us by V. A. Smirnov,
J3
π2F3
= −
32
3
+
(
256 ln2
3
−
448
3
−
64π
3
)
ǫ, F ≡
Γ(1 + ǫ)
(4π)D/2
. (C1)
For the un-fatorized four-loop diagrams in Fig. 2(b), the master integrals have already been lassied and largely
evaluated in Ref. [3℄. Using the approah desribed in Setion IV, we obtained additional terms of their expansion
in ǫ. To save spae, we present here only those additional terms, using the notation of Ref. [3℄, in partiular Eqs.
(5.7-11) of that paper. Instead of repeating here the long expressions already known, we dene ∆N , N = A..F , to
denote the new terms. For any aeted master integral, its improved value an be found as follows,
Im [IN (a1, . . . , a11)] ≡ πs
j (Nǫ)
4 [terms already known +∆N (a1, . . . , a11)] , (C2)
where, as dened in Ref. [3℄, Nǫ =
π2
(πs)ǫ
Γ2(1−ǫ)Γ(1+ǫ)
Γ(1−2ǫ) and s denotes the square of the momentum owing into the
diagram. Its power j depends on the integral onsidered and, for eah one, an be found in Ref. [3℄. Table I shows
the extra terms ∆N .
We use the following notation for transendental onstants, An = Lin
1
2 , n = 4..6, and s6 = 0.9874414.... Here Lin
denotes polylogarithms [25℄, Linx =
∑∞
i=1
xi
in and s6 ≡ S−5,−1 (∞) is ertain harmoni sum [19, 26℄.
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Table I: Additional terms for master integrals of Ref. [3℄, as dened in Eq. (C2).
∆A(1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 0) 55ζ5 −
2π4
9
−
13π2ζ3
2
+ ǫ
“
143π6
3240
−
2π4
3
− 26π2ζ3 − 51ζ
2
3 + 220ζ5
”
∆A(1, 1, 1, 0, 1, 0, 1, 1, 1, 0, 0) ǫ
2
“
7945π2
48
−
119727
32
+ 269π
4
72
+ 3185ζ3
4
−
49π2ζ3
3
+ 279ζ5
”
∆A(1, 0, 1, 1, 0, 1, 0, 1, 0, 1, 0) ǫ
3
“
2515231
1944
−
101531π2
2592
−
1309π4
180
−
35951ζ3
72
−
7π2ζ3
3
−
779ζ5
2
”
∆A(1, 1, 1, 1, 0, 1, 0, 1, 0, 1, 0) ǫ
2
“
14437
16
+ 169π
2
16
+ 37π
4
90
+ 5ζ3
4
− 41ζ5
”
∆A(1, 0, 1, 0, 1, 1, 1, 0, 1, 0, 0) ǫ
3
“
51175105
15552
−
238819π2
2592
−
3149π4
360
−
54895ζ3
72
+ 43π
2ζ3
3
−
1243ζ5
2
”
∆A(1, 1, 1, 0, 1, 1, 1, 0, 1, 0, 0) ǫ
2
“
3587π2
48
−
64177
32
+ 367π
4
180
+ 1245ζ3
4
−
4π2ζ3
3
+ 59ζ5
”
∆A(1, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0) ǫ
2
“
493π2
8
−
119727
32
+ 161π
4
15
+ 600ζ3 −
20π2ζ3
3
+ 1092ζ5
”
∆A(1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 0) ǫ
2
“
3331π4
360
−
147441
64
−
149π2
16
+ 1123ζ3
4
+ 19π
2ζ3
3
+ 759ζ5
”
∆A(1, 1, 1, 0, 0, 1, 1, 1, 1, 0, 0) ǫ
2
“
4763π2
48
−
38519
16
+ 125π
4
24
+ 2145ζ3
4
−
101π2ζ3
3
+ 563ζ5
”
∆B(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)
1045ζ5
32
−
17π4
360
−
77π2ζ3
32
∆B(1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 0) −
17π4
60
−
79π2ζ3
48
−
355ζ5
16
∆B(1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0) ǫ
3
“
72π2 − 124763
32
+ 793π
4
60
+ 1961ζ3
2
−
43π2ζ3
3
+ 814ζ5
”
∆B(1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0) ǫ
“
1391
2
−
58π2
3
−
9π4
20
− 68ζ3 + π
2ζ3 − 27ζ5
”
∆B(1, 1, 1, 0, 1, 0, 1, 1, 1, 1, 0) ǫ
2
“
2172 − 317π
2
6
−
401π4
90
− 472ζ3 +
25π2ζ3
3
− 232ζ5
”
∆B(1, 1, 1, 0, 1, 1, 1, 0, 1, 0, 0) ǫ
“
24A4 + 6A5 −
ln5 2
20
− 6π2 ln 2 + ln4 2− 49π
4
180
+ 19π
4 ln 2
80
+ 15ζ3 −
51π2ζ3
16
+ 299ζ5
32
”
∆B(1, 0, 1, 1, 1, 1, 0, 0, 2, 2, 0) ǫ
2
“
ln5 2
20
− 12A4 − 6A5 −
ln4 2
2
−
33π2
2
− π2 ln 2− 11π
4
60
−
19π4 ln 2
80
−
199ζ3
2
+ 173π
2ζ3
16
+ 5057ζ5
32
”
+ǫ3
“
12A4 − 12A5 − 6A6 −
159s6
2
+ ln
4 2
2
+ ln
5 2
10
−
ln6 2
120
−
131π2
2
+ 99A4π
2
2
− 17π2 ln 2− 31π
4
4
+ 33π
2 ln4 2
16
−
975ζ3
2
+ 47π
2ζ3
3
−
19π4 ln 2
40
−
311π4 ln2 2
160
+ 51π
2ζ3 ln 2
2
+ 7213π
6
5040
+
2177ζ2
3
16
−
1749ζ5
16
”
∆C(1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 0) ǫ
“
167π2
12
−
10325
32
− 4π2 ln 2 + 149π
4
360
+ 105ζ3
”
∆C(1, 0, 1, 1, 1, 1, 0, 1, 1, 1, 0) ǫ
“
113− 48A4 − 2 ln
4 2 + 151π
2
6
+ 4π2 ln 2− 13π
4
60
+ 14ζ3
”
+ǫ2
“
934− 576A4 − 480A5 − 24 ln
4 2 + 4 ln5 2 + 356π
2
3
+ 42π2 ln 2− 8π2 ln2 2 + 8π
2 ln3 2
3
+ 5π
4
72
−
3π4 ln 2
2
+ 24ζ3 −
59π2ζ3
6
+ 913ζ5
4
”
∆C(1, 0, 1, 1, 1, 1, 0, 1, 1, 1, 0) ǫ
2
“
131899
64
− 92π2 ln 2 + 192A4 + 8 ln
4 2 + 543π
2
16
+ 16π2 ln2 2− 99π
4
40
+ 831ζ3
4
+ π2ζ3 − 45ζ5
”
∆E(1, 1, 1, 0, 1, 1, 1, 1, 1, 1, 0)
13π2ζ3
3
−
4π4
15
− 94ζ5 + ǫ
“
52π2ζ3
3
−
4π4
5
−
217π6
1620
+ 6ζ23 − 376ζ5
”
∆F (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)
π4
30
+ 221π
2ζ3
48
−
799ζ5
16
∆F (1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 0)
61π2ζ3
48
−
37π4
180
−
1019ζ5
16
∆F (1, 0, 1, 1, 1, 1, 1, 0, 1, 2, 0) − ǫ
“
3π4
20
+ 107π
2ζ3
48
+ 547ζ5
16
”
∆F (1, 1, 1, 1, 0, 1, 1, 0, 1, 1, 0) ǫ
“
1031− 199π
2
6
−
209π4
180
− 163ζ3 +
7π2ζ3
3
− 64ζ5
”
∆F (1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 0) ǫ
2
“
253π2
2
− 2172 + 407π
4
90
+ 899ζ3 −
98π2ζ3
3
+ 403ζ5
”
+ǫ3
“
2007π2
2
+ 547π
4
18
− 17037 + 487π
6
1134
+ 5869ζ3 − 396ζ
2
3 + 4433ζ5 −
1078π2ζ3
3
”
∆F (1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 0) 46A4 − 30 +
23 ln4 2
12
+ 7π
2
6
− 2π2 ln 2− 5π
2 ln2 2
3
−
π4
9
+ 24ζ3 + ǫ
“
184A4 − 272 + 46A5 +
23 ln4 2
3
−
23 ln5 2
60
+ 67π
2
6
− 3π2 ln 2− 73π
4
360
−
20π2 ln2 2
3
+ 5π
2 ln3 2
9
−
547π4 ln 2
360
+ 209ζ3
2
−
99π2ζ3
8
+ 3921ζ5
16
”
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